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a b s t r a c t
Let a be a non-zero ideal sheaf on a smooth affine variety X of dimension d and let c be a
positive rational number. Let x be a closed point of X and letmx be the maximal ideal sheaf
at x. In [Robert Lazarsfeld, Kyungyong Lee, Local syzygies of multiplier ideals, Invent. Math.
167 (2007) 409–418] the authors studied the local syzygies of the multiplier ideal J(ac).
Motivated by their result, the asymptotic behavior of the local syzygies of the multiplier
ideal J(mkx · ac) at x for k ≥ d − 2 was studied in [Seunghun Lee, Filtrations and local
syzygies of multiplier ideals, J. Algebra (2007) 629–639]. In this note, we study the local
syzygies of J(mkx · ac) at x for 1 ≤ k ≤ d − 3. As a by-product we give a different proof of
the main theorem in the former reference cited above.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let a be a non-zero ideal sheaf on a smooth affine variety X of dimension d and let c be a positive rational number. Let
x be a closed point of X and let mx be the maximal ideal sheaf at x. Let (O,m) be the local ring of X at x. For a non-negative
integer k ≥ 0, we set
Jk := J(mkx · ac)x ⊆ O.
Consider a minimal free resolution
· · · u3 / Ob2 u2 / Ob1 u1 / Ob0 / Jk / 0 (Rk•)
of Jk. For p ≥ 1, the pth syzygy module Syzp(Jk) of Jk is the image
Syzp(Jk)=def Img(up) ⊂ Obp−1 .
In [1], Lazarsfeld and Kyungyong Lee proved the following result on local syzygies of multiplier ideals.
Theorem 1.1 (Theorem A in [1]). For p ≥ 1, nominimal generator of the pth syzygymodule Syzp(J0) of J0 lies inmd+1−p ·Obp−1 .
Multiplier ideals are integrally closed ideals (Corollary 9.6.13 in [2]). The converse is true for d = 2 [3,4]. An interesting
application of Theorem 1.1 is that multiplier ideals are very special among the integrally closed ideals if d ≥ 3. We refer to
[1] for the details.
Motivated by their result we studied the local syzygies of the multiplier ideals in the following filtration.
{J(mkx · ac)}k≥1.
One can consider mkx · ac as a perturbation of ac .
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Theorem 1.2 (Theorem 1.2 in [5]). Suppose that d ≥ 3. Then for k ≥ d− 2 and p ≥ 1, no minimal generator of the pth syzygy
module Syzp(Jk) of Jk lies in m2 · Obp−1 .
In other words, the local syzygies of Jk with k ≥ d− 2 are as general as possible with respect to the order of vanishing at x.
This was a bit of surprise since the multiplier ideals in the filtration are rather special.
The bound on k is sharp. For example, consider an ideal
b = (f , g) ⊂ C[x1, x2, x3]
generated by two general polynomials vanishing to order 2 at the origin, then
b = J(b2).
So the minimal generator of the first syzygy module Syz1(J(b2)(x1,x2,x3)) lies inm
2 ·O. See Example 2.3 in [1] for the details.
Now our main result fills the gap between Theorems 1.1 and 1.2. Even though it only concerns the range 1 ≤ k ≤ d− 3,
its formulation extends to include Theorems 1.1 and 1.2, and it gives a different proof of Theorem 1.1.
Theorem 1.3. Suppose that d ≥ 3. Let k and p be non-negative integers with 1 ≤ p ≤ d− 1. We define
(k, p) := max{1, d− p− k}. (1.1)
Then no minimal generator of the pth syzygy module Syzp(Jk) of Jk lies in
m(k,p)+1 · Obp−1
for all p ≥ 1.
Remark 1.4. We remark that if d = 3, Theorem 1.3 follows from Theorems 1.1 and 1.2.
The following is the table of (k, p).
(k, p) p =
1
2 3 · · · d−3 d−2 d−1
k = 0 d− 1 d−2 d−3 · 3 2 1
1 d− 2 d−3 d−4 · 2 1 1
2 d− 3 d−4 d−5 · 1 1 1
...
...
...
...
...
...
...
...
d− 4 3 2 1 · 1 1 1
d− 3 2 1 1 · 1 1 1
d− 2 1 1 1 · 1 1 1
...
...
...
...
...
...
...
...
We close with an example (cf. Example 2.3 in [1]) showing that the statement in Theorem 1.3 is optimal when p = 1.
Example 1.5 ((k, p) with p = 1). Let d ≥ 3 and let
b = (f , g) ⊆ C[x1, . . . , xd]
be the complete intersection ideal generated by two general polynomials vanishing to order d− 1− k at the origin where
k = 0, . . . , d − 3. Let µ : Y → X be the blowing-up of X at the origin with the exceptional divisor E. By choosing f and g
sufficiently generally, we may assume that
b · OY = b′ · OY (−(d− 1− k)E)
holds where b′ is the ideal sheaf of a smooth codimension two subvariety meeting E transversely. Let ν : Z → Y be the
blowing-up of b′ with the exceptional divisor F . Then µ ◦ ν is a log resolution of b and
J(mkx · b2) = (µ ◦ ν)∗OZ (−F − (d− 1− k)E) = b.
Hence the first syzygy of J(mkx · b2) at the origin has the maximal possible vanishing order d− 1− k.
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2. Proof of Theorem 1.3
Here we prove Theorem 1.3. We keep the same notations as in the introduction. Let
A = {(k, p) | 0 ≤ k ≤ d− 3, 1 ≤ p ≤ d− 1, k+ p ≥ d− 1}
and
B = {(k, p) | 0 ≤ k ≤ d− 3, 1 ≤ p ≤ d− 2, k+ p < d− 1}.
Our plan is as follows. First, using Theorem 1.4 in [5], we prove that nominimal generator of the pth syzygymodule Syzp(Jk)
of Jk lies in
m2 · Obp−1
for all (k, p) ∈ A. Next, for a fixed pair (k, p) ∈ Bwith k+ p = d− 2, we prove that no minimal generator of the pth syzygy
module Syzp(Jk−`) of Jk−` lies in
md−(k−`)−p+1 · Obp−1
for all 0 ≤ ` ≤ k.
As in the proof of Theorem 1.1, the starting point is the following identification:
Hp(Rk• ⊗ C) = Torp(Jk,C).
Let e ∈ Obp be a generator, so that e determines a non-zero class in
Torp(Jk,C) = Cbp .
Suppose that
up(e) ∈ ma · Obp−1
holds for some a ≥ 2. Then Proposition 1.1 in [1] tells us that e lies in the image of the map
Torp(ma−1 · Jk,C) −→ Torp(Jk,C), (2.1)
which is induced by the natural inclusion ma−1 · Jk ↪→ Jk.
2.1. Fix a pair (k, p) ∈ A
Here we need a lemma which is implicit in the proof of the main theorem in [6].
Lemma 2.1. Let i and n be positive integers. Let (R,m) be a local ring and let M be an R-module. Let N be a submodule of M.
Let x = a1, . . . , an+1 be a sequence in m and let x′ = a1, . . . , an. Consider the following commutative diagram induced by the
natural inclusion N ↪→ M.
/ Hi+1(N ⊗ K•(x′)) /
γ

Hi+1(N ⊗ K•(x)) α /
δ

Hi(N ⊗ K•(x′)) /
β

/ Hi+1(M ⊗ K•(x′)) / Hi+1(M ⊗ K•(x)) / Hi(M ⊗ K•(x′)) /
Suppose that
(a1, . . . , an+1) ·M ⊂ N (2.2)
holds. Then, β ◦ α = 0 and γ = 0 imply δ = 0.
Remark 2.2. To prove Theorem 1.3, it is enough to show that β = γ = 0 implies δ = 0.
Proof. Let
c ∈ Zi+1(N ⊗ K•(x)).
We need to show δ([c]) = 0 where [c] is the class of c in Hi+1(N ⊗ K•(x)). Since β ◦ α = 0, c is homologous to a cycle
e ∈ Zi+1(M ⊗ K•(x′))
and
c − e ∈ Bi+1(M ⊗ K•(x)).
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From (2.2),
Bi+1(M ⊗ K•(x)) ⊆ N ⊗ Ki+1(x).
Therefore,
e ∈ Zi+1(M ⊗ K•(x′)) ∩ N ⊗ Ki+1(x) = Zi+1(N ⊗ K•(x′)).
Then, since γ = 0,
e ∈ Bi+1(M ⊗ K•(x′))
and δ([c]) = 0. 
Theorem 1.4 in [5]1says that for general elements x1, . . . , xd in m the natural map
Hi(Jk+1 ⊗ K•(x1, . . . , xk+2))→ Hi(Jk ⊗ K•(x1, . . . , xk+2))
vanishes for all i ≥ 1. Since m · Jk ⊆ Jk+1 and p− 1 ≥ d− (k+ 2), Lemma 2.1 implies that
Hp(Jk+1 ⊗ K•(x1, . . . , xd))→ Hp(Jk ⊗ K•(x1, . . . , xd))
vanishes. Then again by the same inclusion
Hp(m · Jk ⊗ K•(x1, . . . , xd))→ Hp(Jk ⊗ K•(x1, . . . , xd)) (2.3)
also vanishes. Now from the consideration on (2.1) together with (2.3) we conclude that no minimal generator of the pth
syzygy module Syzp(Jk) of Jk lies in
m2 · Obp−1 .
2.2. Fix a pair (k, p) ∈ B with k+ p = d− 2
Here we need the following observation.
Lemma 2.3. Let x = a1, . . . , an be a sequence in m for some n. Let i and ` be non-negative integers such that the natural map
Hi(m` · Jk+1 ⊗ K•(x)) α−→ Hi(Jk+1 ⊗ K•(x))
vanishes. Then the following map
Hi(m`+1 · Jk ⊗ K•(x)) β−→ Hi(Jk ⊗ K•(x))
also vanishes.
Proof. The following inclusions
m`+1 · Jk ⊆ m` · Jk+1
and
Jk+1 ⊆ Jk
induce the following commutative diagram.
Hi(m` · Jk+1 ⊗ K•(x)) / Hi(Jk+1 ⊗ K•(x))

Hi(m`+1 · Jk ⊗ K•(x)) /
O
Hi(Jk ⊗ K•(x)).
Hence α = 0 implies β = 0. 
Again we choose general elements x1, . . . , xd in m. Since (k+ 1, p) ∈ A, (2.3) implies that
Hp(m · Jk+1 ⊗ K•(x1, . . . , xd))→ Hp(Jk+1 ⊗ K•(x1, . . . , xd)) (2.4)
vanishes. Now (2.4) and the repeated use of Lemma 2.3 starting with (k, p) imply that the natural map
Hp(m`+2 · Jk−` ⊗ K•(x1, . . . , xd))→ Hp(Jk−` ⊗ K•(x1, . . . , xd))
vanishes for 0 ≤ ` ≤ k. Since `+ 2 = d− (k− `)− p, again by the consideration on (2.1), no minimal generator of the pth
syzygy module Syzp(Jk−`) of Jk−` lies in
md−(k−`)−p+1 · Obp−1
for all 0 ≤ ` ≤ k.
1 In [5], we worked on the affine coordinate ring of X instead of its local ring O. However, since the localization is an exact functor, the same conclusion
holds for O.
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